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SUMMARY 

Equations for optimum column length for two different, ideal, separation 
problems have been derived and the significance of simultaneous optimization of 
column length (or flow-rate) and eluent composition is demonstrated. To optimize 
the separation of a set of compounds, a simple iterative off-line computer program 
has been written. The data set necessary for this optimization comprises equations 
for the capacity factor and height of theoretical plate as a function of eluent com- 
position. Practical applications are included for separation of various nucleotide 
mixtures by ion-pair chromatography with variable pH, methanol concentration and 
column length. In most cases, the adjustment of column length significantly decreased 
the time necessary for chromatography. 

INTRODUCTION 

The optimization methods in liquid chromatography may be divided into two 
broad groups: the first includes optimization of the separation of samples, the com- 
ponents of which are not known or identified; the second relates to the separation 
of samples where the number of components is known and single components are 
either available in pure form or may be identified in the chromatogram. Recently, 
the optimization procedure used in liquid chromatography has been reviewed’ and 
the quality of criteria for optimization has been evaluated*.. Whereas for the first 
group of methods the optimization procedure may never be clearly defined and the 
criteria of quality related to information theory are fully adequate, for the second 
group a single quality criterion of the separation process may be found. The usual 
assumption of constant column length leads to problems of relative weighting as- 
signed to the time factor (elution time of the last peak) and separation factor (e.g., 
resolution of two adjacent peaks) 3,4. For a given separation problem of the second 
group, the optimum solution may be approached if eluent composition and column 
length (number of theoretical plates) are considered as variables, as has been pro- 
posed earlier by Svobodas. Then, all chromatograms of the examined array may be 
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compared, using the time factor as the single criterion, whereas the minimum reso- 
lution of two adjacent peaks is held constant and equal to a predetermined value. 

Recently, a multiparametric optimization procedure was published, which in- 
cluded the column length among other parameters 6. The significance of this param- 
eter was demonstrated. 

THEORY 

It is difficult to treat the optimization of chromatographic separation as a 
general case. However, two idealized cases with emphasis on simplicity and the pos- 
sibility of analytical solution can be described: firstly, the case of the separation of 
a certain number (n) of compounds, the elution of which may be arbitrarily regulated 
e.g. by eluent composition, choice of sorbents, etc.) so that the first one is eluted with 
the void volume and the others follow at regular intervals, secondly, the case of three 
analogous compounds, where two follow each other very closely in the chromato- 
gram (critical pair, which determines the necessary efficiency of the separating col- 
umn) and the third, eluted at a greater interval, determines the time necessary for 
completion of the whole chromatographic separation. The first case was introduced 
by Giddings’ in his work related to the peak capacity of the chromatographic column 
and represents the case where the optimization of a chromatographic system is 
pushed to its limits; it can scarcely be reproduced in real systems. The opposite may 
be said about the second system; however, most practical situations (where the sep- 
aration of more than three compounds need not be followed at all or is better than 
that of the critical pair) may be approximated by this case. 

The case of n regularly eluted compounds 
Obviously, the most compact arrangement of compounds in an isocratic chro- 

matogram is that described by eqn. 1. The first compound is eluted with the void 
volume V,,; ( V1 = V,J and the distance between all other adjacent peaks with elution 
volumes Vi+ 1 and I’i is 

Vi+1 - Vi = R(Oz + Oi+l) (1) 

Under this assumption, the nth compound is eluted at volume V, 

ln(V./V,) = (n - 1) . 2R/x/N (2) 

The total separation time (T) may be defined as 

T = (V, + Ro,)/F (3) 

where F is the eluent flow-rate. We will tacitly assume that, for all compounds, the 
number of theoretical plates N has the same value: 

N = (V/a)’ (4) 

The characteristics of the separation system are summarized by two linear 
equations: 

N=l+H (5) 
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where I is the column length and H is the height of one theoretical plate, and 

V = V,IFN (6) 

Time z may be interpreted as the time needed for the eluent to travel the distance 
equal to the height of one theoretical plate. 

By substitution of variables from eqns. 6, 4 and 2 into eqn. 3, we obtain 

T = zN (1 + R/JN) exp[(N - 1) 2R/dN] = up (7) 

Thus, for a given number of compounds to be separated, there exists a distinct mini- 
mum separation time with respect to the number of theoretical plates. Whereas the 
first multiplier of eqn. 7 increases linearly with N, the last one exponentially decreases 
with the square root of N. 

To determine the minimum of T, we have to solve the simple differential equa- 
tion (valid for T # 0) 

(dT/dN)/T = l/N - RN-3i2/(1 + R/JN) - (n - 1)RNm312 (8) 

If the second term is omitted, we obtain a simple relationship for the optimal number 
of theoretical plates for a given set of compounds 

N opt = R2 (n - 1)2 

The optimal time of separation (substitution of NoPt into eqn. 7) is then 

(9) 

T opt = 7.39TR2(n - 1)2 [I + 2/(n - l)] (10) 

The reduced volume of the last compound, eluted under optimal conditions, is always 

VJVOO, = e2 = 7.39 (11) 

and the capacity factor (kLo,,) is therefore 6.39. 
Table I summarizes the computed values of coefficients p (eqn. 7). Values of 

p are omitted from this tabie when the capacity factor of the last compound is > 50. 
The optimum is rather shallow: both an excess of theoretical plates and a small 
number of them may have a deteriorating effect on the speed of chromatographic 
separation. 

The case of three analogous compounds 
The capacity factors of three analogous compounds (1, 2 and 3) are described 

by the following equations 

log kl = a + f(c) (12) 
log k2 = a + Aa + f(c) (13) 
log k3 = a3 + f(c) (14) 

where Aa is small compared with a, and where f(c) is a function of eluent composition 
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TABLE I 

TIME NEEDED FOR SEPARATION OF REGULARLY ELUTED COMPOUNDS 

Coefficient p from eqn. 7 x 10w3. n = number of compounds. 

n 

10 
20 
50 

100 

Theoretical plates 

200 324 700 1444 4000 9604 20 000 39 204 80 000 160 000 

2.91 2.66 2.93 3.91 7.29 14.1 26.1 47.5 91.5 175.9 
13.3 11.2 13.7 21.3 34.7 58.12 105.4 194.4 

91.5 72.4 81.1 106.6 161.1 265.2 
557 333.6 292.6 326.7 432.7 

(concentration of one or more eluent components), i.e. a polynomial or logarithmic 
function. Further, values a, a3 and f(c) are chosen so that the condition kI < k2 
< k3 is valid for the whole described space. 

Using eqn. 3, where n = 3, and two other obvious relations 

N = 4V:R2/(V;? - v,) 

k3 = kl exp(a3 - a) 

we arrive at the time necessary for our separation: 

T = 4zR [(l + k1)2/(dazk~)] [I + kl exp(a3 - a)] (1 + R/dN) 

(15) 

(16) 

(17) 

Neglecting, as above, the third term and solving the equation for the first 
derivative of T according to kl, we obtain the optimum capacity value 

klopt = 0.5 + JO.25 + 2 exp [- (a3 - a)] (18) 

N opt = 4R2(1 + klopt)/Aa2kf0P, (19) 

Under optimal conditions, the capacity factors of the compounds of the critical pair 
have to be adjusted so that they lie in the region between 1 and 2 (see eqn. 18). 

The number of theoretical plates is determined predominantly by Au. The op- 
timum separation time Tis influenced by both of these factors. The optimum is rather 
shallow, as in the preceding case. This type of optimization is found in many practical 
problems, as will be shown later. 

Variation of the number of theoretical plates 
The number of theoretical plates may be varied not only by varying the geo- 

metrical length of the column (I) (see eqn. 5), but also by changing the eluent flow- 
rate. Many equations have been proposed to relate the height of a theoretical plate 
with eluent velocity. However, due to the complexity of this phenomenon and, si- 
multaneously, poor reproducibility of similar measurements, we must be satisfied 
with the simplified equation 

h = 2B/v + A + Cv (20) 
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Here, h is the reduced height of a theoretical plate, v is the reduced velocity of the 
eluent, and A, B and C are constants. In cases where v is rather high (as in most 
practical applications), the first term may be neglected and the only decisive factor 
is the constant C. If, as in ion-exchange chromatography with a polymer matrix or 
similar materials with slow transfer kinetics, constant C = 1, the height of a theo- 
retical plate increases very rapidly with the flow-rate (dh/dv = l), and time z, in spite 
of increasing the eluent velocity, remains constant. Thus, the net effect of increasing 
the eluent speed is the increase in the necessary pressure at the column inlet and the 
decrease in the number of theoretical plates (at constant column length). Obviously, 
in this case it is easier to decrease the column length in order to decrease the number 
of theoretical plates. On the other hand, if C 6 1 (as for most modern, silica gel- 
based sorbents), the decrease in the number of theoretical plates due to increased 
eluent velocity is accompanied by a decrease in r. The whole separation then takes 
less time than that corresponding only to the shortening of the column length due 
to the decrease in the number of theoretical plates. Therefore, in this case, it is more 
advantageous to decrease N by increasing v, if increased pressure at the column inlet 
is permissible. 

OPTIMIZATION 

It is possible to optimize the separation of any combination of solutes for 
which data (coefficients) for eqns. 20 and 21 are available. We had at our disposal 
a set of coefficients for more than 80 nucleotides, measured under strictly controlled 
conditions in the pH range 2.74.7 at methanol concentrations of o-40% (see below). 
The optimization procedure was as follows. After the combination of compounds is 
selected, the upper and lower limits of each variable are chosen, as well as the number 
of steps for every variable interval. Then, the whole subspace is searched, point by 
point, and the ten best conditions for constant column length (satisfying the condition 
of minimal resolution of adjacent peaks) and for variable column lengths are finally 
printed. For variable column lengths, the upper and lower limits may be set. For 
each point, the column length is adjusted in such a way that the minimal resolution 
of adjacent peaks equals the predetermined value of R (usually 2). Usually, cu. 0.02 
units of pH or 0.1% (v/v) of methanol are used as step lengths. 

EXPERIMENTAL 

All measurements were made using an SP 8100 automatic liquid chromato- 
graph (Spectra-Physics, San Jose, CA, U.S.A.) with programmable sample injector 
and SP 4200 integrator, programmed so that not only the elution time but also the 
number of theoretical plates of each isolated peak were measured and recorded. The 
columns were glass cartridges (150 x 3.2 mm I.D.) packed with 5-pm octadecyl silica 
(CGC Separon SIX ClX). (Laboratorni pfistroje, Praha, Czechoslovakia). Solutes 
were detected using an SP 8440 UV detector. 

In most cases, the flow-rate was 0.5 ml/min. The columns were thermostated 
to 25°C with water jackets. The eluent (0.05 M sodium dihydrogen phosphate, 0.005 
M tributylamine and 040% (v/v) methanol; pH 2.7-4.7) was prepared from anal- 
ytical-grade reagents and doubly distilled water. Tributylamine (Aldrich, Milwaukee, 
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WI, U.S.A.) was purified by distillation over calcium hydride and calcium oxide; the 
pH was adjusted by addition of concentrated phosphoric acid. The nucleotides were 
purchased from Sigma (St. Louis, MO, U.S.A.). 

Data were reduced by using the polynomial representation and least-squares 
approximation by the well-known Cholesky method9 of matrix inversion. The ca- 
pacity factor of every assayed compound was represented by the polynomial: 

log k’ = a0 + alx + a2y + u3x2 + a& + a5xy 

and the reduced height of a theoretical plate h: 

(20) 

h = b. + blx + b,y (21) 

where x is the pH of the eluent and y is the volume fraction of methanol. Both of 
these equations were found to represent the collected data with satisfactory precision. 
In cases where the data could not be measured with the needed precision (when a 
capacity factor was found to be higher than ca. 30), the data were linearly extrapo- 
lated with decreasing weight. The whole set of data for more than 80 nucleotides will 
be published elsewhere*. 

All programs were written in FORTRAN IV and run on a PDP 11123 digital 
computer (Digital Equipment Corporation, Maynard, MA, U.S.A.); graphs were 
plotted on an HP 7225 A plotter (Hewlett-Packard, Palo Alto, CA, U.S.A.). 

RESULTS AND DISCUSSION 

A comparison of constant vs. variable column length optimization may be 
demonstrated with two sets of three-dimensional graphs. In the first case, four ri- 
bonucleotides: S-AMP, S-GMP, S-CMP and 5’-UMP are separated. The speed in 

P” 

Fig. 1. Separation speed of four nucleotides (S-AMP, S-CMP, 
length. 

5’-UMP, S-GMP) at constant column 
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PH 

Fig. 2. Resolution of four nucleotides at constant column length 

these figures is defined as the number of separations that can be performed in one 
hour (l/T), it increases monotonously with increasing concentration of methanol 
(Fig. 1). However, the resolution (Fig. 2) not only decreases with increasing methanol 
concentration, but it drops to zero if the pH attains values where two solutes have 
identical elution volumes. If surfaces where the resolution drops below 2 are excluded 
from the graph in Fig. 1, we obtain three isolated areas (Fig. 3). The optimum is 

Fig. 3. Separation speed (as in Fig. 1) with those areas omitted where the resolution is less than 2. 
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Fig. 4. Separation speed (four nucleotides, variable column length). 

located on the border of one of them. The speed in the case of variable column 
lengths (Fig. 4) is influenced by the necessary variation in column length; its varia- 
tions are recorded in Fig. 5. When areas with excessive column length are excluded 
(Fig. 6), the shape of the graph in Fig. 4 is changed only in the areas of lowest speed, 
but the most interesting areas are completely preserved. The optimum, in this case 
located on the apex, would not be disturbed, even if the permitted column length 

P” 

Fig. 5. Column length (four nucleotides, variable column length). 





148 V. SVOBODA. J. VOCKOVA 

E a 
i 

Fig. 8. Resolution of eight nucleotides at constant column length. 

the preceding case, is again located just on the border of the isolated surface (Fig. 
lo), and every change in column length shifts the optimum to different coordinates. 
The optimum in the variable-column case (Figs. 11-13) is (as in the case of separation 
of four ribonucleotides) located on the peak of one of the “islands” and, again, no 
decrease in permissible column length would affect its location. 

Some results of optimizations for several mixtures of nucleotides are summa- 
rized in Table II. With the exception of the last one, the optimum was always found 

Fig. 9. As in Fig. 8, but the methanol concentration axis is reversed. 
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Fig. 10. As in Fig. 7, but the areas where resolution drops below 2 are omitted 

at a column length shorter than the original; the gain in separation speed was, in 
most cases, significant. 

From the standpoint of the practical analyst, information on the stability of 
the optimal separation obtained is important. This is obvious from the form of the 
surface near the optimum. In our case, the ridge (Fig. 13) is rather sharp; small 
variations in pH may influence the resolution drastically. 

E 
! 

t 

Fig. 11. Separation speed (eight nucleotides, variable column length). 
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-* am am km 
PH 

Fig. 12. Column length (eight nucleotides, variable column length). 

A few words should be said about the searching methods. In our preceding 
paper, devoted to optimalization *, the simplex search was successfully applied. This 
may be effective in less complicated systems. However, the best results are never 
guaranteed. If the systematic search is used, as in this case, then the attainment of 
optimal coordinates is always guaranteed at the price of longer computer time. With 
the advent of modern microcomputers, this disadvantage becomes less significant. 

_m 

Fig. 13. As in Fig. 11, but the areas where columns are longer than 300 mm are omitted. 
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